We prove the L p boundedness of the Marcinkiewicz integral operators 1. Introduction. Marcinkiewicz integrals have been studied by many authors, dating back to the investigations of such operators by Zygmund on the circle and by Stein on R n .
Introduction.
Marcinkiewicz integrals have been studied by many authors, dating back to the investigations of such operators by Zygmund on the circle and by Stein on R n .
We shall be primarily concerned with Marcinkiewicz integrals on the product space R n × R m , since the more general setting of R n 1 × · · · × R n k can be handled similarly (see Section 4) .
For n, m ≥ 2, x ∈ R n \{0}, y ∈ R m \{0}, we let x = x/|x| and y = y/|y|. Let Ω ∈ L 1 (S n−1 × S m−1 ) be a function satisfying the following cancellation conditions: For the special case p = 2, Choi (
As a more recent progress in this investigation, Chen, Fan and Yang obtained the following:
(log log L)
).
Since the condition in Theorem 1 becomes Ω ∈ L(log L) when p = 2, it recovers Choi's L 2 result. But, for p = 2, it still falls short of what is conjectured by Ding.
The main purpose of this paper is to establish the following:
Throughout the rest of the paper the letter C will stand for a constant but not necessarily the same one at each occurrence.
Main lemma.
Given a two-parameter family ν = {ν t,s : t, s ∈ R} of measures on R n × R m , we define the maximal operator ν * by
and the corresponding square function by
Also, we write t ±α = min{t α , t −α } and use ν t,s to denote the total variation of ν t,s .
The following is our main lemma: 
Then, for every p satisfying |1/p − 1/2| < 1/(2q), there exists a positive constant C p which is independent of a and b such that
Two propositions are needed for the proof of Lemma 2.1.
.
The above proposition can be proved by using the proof of Lemma 14 in [8] , after some minor modifications.
For
for ξ ∈ R n and η ∈ R m . For x ∈ R n , y ∈ R m and t, s > 0, set 
By (2.6) and Minkowski's inequality,
where
First we shall obtain the following L 2 estimate:
We shall present the proof of (2.8) for the case u, v ≥ 0 only. The remaining cases can be handled similarly. Let
By Plancherel's theorem and assumption (ii), we have 
By interpolating between (2.8) and (2.9) we obtain where C(α, β, p) , α p and β p are positive constants independent of u, v, a and b. Lemma 2.1 now follows from (2.7) and (2.10).
Proof of the main theorem. Assume
for k ∈ N, and
We then define the family of measures
By the cancellation properties of Ω k , we have
Similarly, 
Thus, for k ∈ D and t, s ∈ R,
Similarly,
By the boundedness of the strong maximal function on R 2 we see that
for 1 < q ≤ ∞, where B q is independent of k. Applying Lemma 2.1, we get
Finally, by Minkowski's inequality and (3.10), we have
. This proves Theorem 2.
Concluding remarks. Let
The corresponding Marcinkiewicz integral operator on R n 1 × · · · × R n k is defined by
Theorem 2 admits the following generalization: When k = 1 (i.e. the underlying space is not a product space), the L p boundedness of µ Ω under the condition Ω ∈ L(log L) 1/2 was obtained first for p = 2 in [18] , and then for all p ∈ (1, ∞) in [1] . Historically, this is the case that had received the most amount of attention. For a sampling of past studies, see [2] , [11] , [13] , [14] , [18] , [19] . Related results can also be found in [8] , [15] , and [17] .
Theorem 2 takes care of the case k = 2. The proof of Theorem 2 easily extends to the case k > 2. We omit the details.
